The casimir stress on a spherical shell in Desitter background for massless scalar field is calculated. The scalar field satisfies Dirichlet boundary conditions on the sphere. We consider coordinate system in which the line element for Desitter space is in conformally flat form .In this case although the line element is time dependent, no particles are created.Then the casimir stress is calculated for inside and outside of the shell with different backgrounds this can be used in inflationary models of early universe and provides an approach to study of casimir stress in bubble dynamics. *
Introduction
The Casimir effect is one of the most interesting manifestations of nontrivial properties of the vacuum state in quantum field theory [1, 2] .Since its first prediction by Casimir in 1948 [3] this effect has been investigated for various cases of boundary geometries and various types of fields [4] [5] [6] [7] .The Casimir effect can be viewed as a polarization of vacuum by boundary conditions.Another type of vacuum polarization arises in the case of external gravitational field.In the static situation ,the disturbance of the quantum state induces vacuum energy and stress but no particles out of the vacuum induced by the interaction with dynamical external constraints.For example the motion of a single reflecting boundary (mirror) can create particles [8] ,in [9] authors consider a scalar massless field propagating between two infinite parallel plates moving with constant relative velocity ,it is shown that this motion creates particles at the expense of the Casimir energy. The creation of particles by time-dependent external gravitational field is another example of dynamical external constraints,therefore the dynamical casimir effect occurs when the geometry of the system varies more quickly in time so that the vacuum is perturbed and emission of particles becomes possible [10] . It is possible that Casimir effect had an important role in preliminary universe.In [11] authors have shown that for a Robertson-Walker space-time in which the only contribution to the stress tensor comes from Casimir energy of the scalar fields the evolution of the universe depends upon whether the universe is open,flat or closed, and the simulation of the resulting equation of motion seem to exclude the possibility of a closed univrse.Study of Casimir effect for formation of bubbles in inflationary models of early universe also may be important. Our problem in this article can be a starting point for this kind of study,of course in more realistic examples the background inside and outside of spherical shell must be different. The development of this paper is as follows in section two we review Casimir effect for spherical shell with Dirichelt boundary conditions.In fact this section is a review of [12] .Casimir effect for spherical shell with electromagnetic field calculated several years ago , [13, 14] .For recent simple calculation of Casimir effect for electromagnetic and scalar filed with Dirichelt and Neumann boundary conditions on sphere see [15] .Casimir energy for scalar field and electromagnetic field with Dirichlet boundary conditions in the presence of spherical shell is dependent on the dimension of space [12, 16] in this cases stress on spherical shell and Casimir energy for even dimension is divergent but result for odd dimension is finite.About spinor field see [17] .In [17] besides Dirichlet boundary conditions,Robin boundary conditions also have been considered,and the interior and exterior regions are treated separately.In this situation the Casimir energy for interior and exterior considered alone and result for both cases are divergent, not only for even dimension but also for odd dimensions.To see this type of calculation for massive scalar field with Dirichlet boundary conditions on a spherical bag refer to [18] ,and to see similar calculation for Dirac fields with the boundary conditions of the MIT bag model refer to [19] Examples of Casimir effect with boundary conditions in curved space-time are rare [20] .To see example of Casimir effect for spherical boundary in curved background refer to [21, 22] .In these references Casimir energy for half space on s-3 and s-2 with Dirichlet and Neumann boundary conditions for massless conformal scalar fields has been calculated analytically by all the existing methods.But in these example space-time is static and creation of particles is out of question.
Then in section three we calculate stress on the sphere in Desitter space-time.The main goal of this paper is to show simple example of Casimir effect for spherical shell in curved space-time.In this problem the surface of sphere is fixed relative to comoving observer.We see that although the line element of space-time is time dependent,particles are not created.In section four we generalize the problem for inside and outside of the shell with different backgrounds,using the renormalization method of MIT bag,we renormalize the Casimir energy. In last section we conclude and summarize the results.
Scalar Casimir effect for a sphere
In this section we review the paper of Bender and Milton [12] .These authors study Casimir stress(the stress on the sphere is equal to the Casimir force per unit area multiplied by the area of the sphere) that is due to quantum fluctuations of a free massless scalar field satisfying Dirichlet boundary conditions on the spherical shell in Minkowski space-time.It has been shown,the two-point Green's function G(x, t; x ′ , t ′ ) is defined as the vacuum expectation value of the time-ordered product of two fields
This Green's function satisfying Dirichlet boundary conditions on the shell
where a is radius of sphere. The stress-energy tensor T µν (x, t) is defined as
The radial Casimir force per unit area F A on the sphere is obtaind from the radial-radial component of the vacuum expectation value of the stress-energy tensor
Noting the connection between the vacuum expectation value of the stress-energy tensorT µν (x, t) and the Green's function at equal times G(x, t; x ′ , t) we have
Scalar Casimir effect in Desitter space
In this section we consider the problem that in the previous section has been introduced but here in Desitter space.And we want calculate the stress on sphere in this background.
In the suitable coordinates system the line element of Desitter can be written in conformally flat form
where η is conformal time
Under a conformal transformation in four dimensions the scalar field Φ(x, t) changes as followsΦ
Noting (6) Ω
In this case Φ(x, η) can be written [8] Φ
The vacuum state associated with modesū k defined by a k |0 = 0,is called the conformal vacuum.Although Green's functionḠ obtain is in conformal vacuum|0 but for massless case(similar to our problem) the Green's function is a conformal factor times the Feynman Greens function in the conformally related flat space-time [8] , [24] . In this case Green's function
Therefore ,the stress(5) is given by
and similarly
and finally
Now we consider the pure effect of vacuum polarization that arises in the case of external gravitational field.It has been shown [8] , [23] that stress tensor for Desitter space (6) is
The effective pressure created by gravitational part above is equal to
and has the same form within and outside the sphere and hence leads to the zero effective force. From our problem it seems that we face a dynamical problem because the Desitter line element is time dependent ,and may be this factor cause particle creation but this problem is an example of conformally trivial situation,a conformally invariant field propagating in a space-time that is conformally deformable to Minkowski space.Particle production takes place only when the conformal symmetry is broken by the presence of mass,which provides a lenght scale for the theory [8] .Therefor only boundary effect (15) is the cause of stress on the spherical shell. To show that in our problem no particles are created,and the conformal vacuum is equivalent with Minkowski vacuum, we explicitly calculate the Bogolubov coefficients. Free massless scalar field Φ(x, η) in Minkowski space-time satisfies the Klein-Gordon equation
To solve this equation we introduce polar coordinates and seek a solution that has cylindrical symmetry ,we seek a solution that is a function only of two variables r = |x| and θ,the angle between x andx ′ so that x.x ′ = rr ′ cos θ [12] . In terms of these polar variables(18) becomes
We can solve (19) using the method of separation of variables.Let
Then we can consider
To find Φ(r, θ, η)in Desitter space for our problem we use conformal transformation (9) .Φ(r, θ, η) is solution of equation
where 2 is the Laplace-Beltrami operator that here is writen in Desitter metric,and ξ is coupling constant,in conformally coupled case ξ = 1 6 in four dimension ,R is the Ricci scalar curvatur, for line element(6)
To consider creation of particle we must calculate the Bogolubov coefficients
where α n and β n are Bogolubov coefficients,in above equation in and out to point respectively to(η → −∞) and(η → T < 0).Because in (24) only time dependence is important we can write
The mode function(25) and its-time derivative should be continuous atη = T .Due to (9) and (21) we can write
− ıωη exp(−ıωη) = −ıωηα n exp(−ıωη) + ıωηβ n exp(ıωη)
Therefore we have
But the expectation value of the operator N n = a † n a n for the number of u n -mode particles in the state|0 is 0
Therefore in our problem the above quantity is zero and no particles are created.
Spherical shell with different background inside and outside
In inflationary models in early universe,bubbles form,whose inside and outside background are different.Here we assume that metric(6) have α in for inside and α out for outside of the shell.In this case to find stress over surface,due to boundary effect,we use below equation
where E is Casimir energy due to boundary condition.Casimir energy E is sum of Casimir energies E in andE out for inside and outside of sphere,respectively.just as described in introduction,Casimir energy inside and outside of the shell are divergent indivitually.In flat space when we calculate the total Casimir energy,we add interior and exterior energies to each other. Now divergent parts will cancel each other out,when interior and exterior background are the same,like the case mentioned in last section,we get the above result again.In [17] has been shown that in flat space for massless scalar field with Dirichlet boundary condition Casimir energy inside and outside of the sphere are in this form
Therefore,the result of addition of E in and E out is independent of ǫ cutoff,and Casimir energy is finite.When inside and outside backgrounds are different,boundary part of total Casimir energy deform likē
where,c1=0.008873,c2=-0.003234,c1'=0.001010.In this case,we havē
Therefore Casimir energy becomes cutoff dependent and divergent. To renormalize Casimir energyĒ,we use the method of renormaliztion that has been used in bag model [18] [19] .Classical part of physical system in our problem have below energy
where V = 4πa 3 3 ,S = 4πa 2 are the volume and surface respectively.The parameters P and σ are the pressure and surface tension respectively and F,K,h are parameters which do not have special names,whit help of this part of energy of system one can renormalize Casimir energy,therefore we consider Casimir and classical energy together
To renormalizeĒ we must shift the parameter h of E (class) by an amount which cancels the divergent contribution.For inside and outside we have
Finally boundary part of total zero point energy of physical system equals to following finite quantityĒ
Then from(30),stress on sphere,due to boundary condition in this special background is
If α in = α out we obtain the result(15)again.When inside and outside backgrounds are different the effective pressure created by gravitational part(17) becomes
Therefore,gravitational pressure over shell will be
So the total stress on surface is sum of (38) and (40)
Conclution
In this article we have represented a simple problem about calculating stress imposed on a spherical shell which resulted from change of zero point energy of scalar filed. Problem considered is in the background of Desitter space-time that in special coordinate system can be written in conformally flat form .In this form of Desitter metric Casimir stress due to imposing boundary conditions on a spherical shell changes in a simple form and in fact it is in the form of multiplier of Casimir stress in flat space. Contribution of stress due to curved background is zero on the surface ,because the value of that for inside and outside is equal,and since these two forces are subtracted from each other,then the net effect is zero. Since conformal coefficient factor that relates Desitter space to the flat space is depending on time,this problem is dynamical Casimir type,but this time dependent curved background, has constant scalar curvature and metric time dependence dose not cause creation of particles. Purpose of this article is to consider the problem that might have application in study of bubbles formed in inflationary models in preliminary universe and implementation of Casimir stress in dynamics of bubbles. For this main we generalize the problem to the shell with different backgrounds of inside and outside.Since in inflationary models there is a real vacuum inside of the bubbles that are produced,and outside of them there is false vacuum,therefore space-time are different in and out of the bubbles.In this case we renormalize the Casimir energy using MIT bag model methods.Then the Casimir stress due to the boundary conditions is calculated.Becase of the difference between the backgrounds inside and outside,the net stress due to the gravitational field is not zero,and this causes an additional stress on the surface.As can be seen from(38) the stress on the surface is proportional to the inverse of fourth power of radius of the shell,so that it can produce huge expanding force in small radiuses.
